ASYMPTOTIC STABILITY OF THE CROSS CURVATURE FLOW 
AT A HYPERBOLIC METRIC 



DAN KNOPF AND ANDREA YOUNG 

Abstract. We show that for any hyperbolic metric on a closed 3-manifold, 
there exists a neighborhood such that every solution of a normalized cross 
curvature flow with initial data in this neighborhood exists for all time and 
converges to a constant-curvature metric. We demonstrate that the same tech- 
nique proves an analogous result for Ricci flow. Additionally, we prove short- 
time existence and uniqueness of cross curvature flow under slightly weaker 
regularity hypotheses than was previously known. 



It has been conjectured that any closed 3-manifold admitting a metric with neg- 
ative sectional curvatures also admits a hyperbolic metric. This conjecture follows 
from Thurston's geometrization conjecture. As is well known, Ricci flow has shown 
itself to be a remarkably powerful tool in analyzing geometrization. However, it 
is not expected that Ricci flow can provide a straightforward proof of the hyper- 
bolization conjecture. Indeed, Ricci flow will in general preserve negative sectional 
curvature only in dimension n = 2. Moreover, one expects to see hyperbolic regions 
forming in a 3-manifold only at large times and typically after many topologically 
inessential surgeries. Consequently, there are motivations to explore alternative 
flows that may more readily yield information about negatively curved 3-manifolds, 
and in particular lead to a more direct proof of hyperbolization. 

In 2004, Richard Hamilton and Bennett Chow proposed the cross curvature flow 
(xcf) for 3-manifolds and conjectured that it would preserve negative sectional 
curvature [3]. They further conjectured that given any metric go of strictly negative 
sectional curvatures on a closed manifold Ai 3 , one would obtain a 1-parameter 
family g(t) of metrics evolving by normalized xcf such that the metrics g(t) all have 
negative sectional curvatures and converge to a hyperbolic (constant curvature) 
metric as t — > oo. An affirmative resolution of the Chow-Hamilton conjecture 
would imply that the space of hyperbolic metrics on a fixed manifold A4 3 is a 
deformation retract of the space of negatively-curved metrics. This conjectural 
picture is in sharp contrast with the case in higher dimensions. Indeed, for n > 4, 
Gromov and Thurston have shown that there exist closed n-manifolds with sectional 
curvatures — 1 — e < K < — 1 that admit no metric of constant curvature K = — 1 
[5]. More recently F. Thomas Farrell and Pedro Ontaneda have shown that in all 
dimensions n > 10, the space of negatively curved metrics on a closed manifold 
Ai n has infinitely many path components whenever it is nonempty [6]. Farrell and 
Ontaneda also provide examples of manifolds in dimensions n > 10 for which Ricci 
flow cannot deform all sufficiently pinched negatively curved metrics into constant- 
curvature metrics [5J [5] . 
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In their seminal paper [3], Chow and Hamilton provide evidence in support of 
their conjecture. Let E — Kc — hRg denote the Einstein tensor and define a dual 
(0, 2)-tensor P by P« = g ik g^E kl . The functional 



is nonnegative by the arithmetic-geometric mean inequality and vanishes if and 
only if g is hyperbolic. Chow and Hamilton prove that J(g{t)) is nonincreasing for 
as long as a solution g(t) of xcf exists. Their estimate is noteworthy because the 
effective volume f 3 V det P dfi is nondecreasing under xcf. 

As of this writing, there are only a few other xcf results in the literature. John 
Buckland has established short-time existence of xcf for smooth initial data on 
compact manifolds; his approach uses De Turck diffcomorphisms to create a strictly 
parabolic system [2]. (xcf, like Ricci flow, is only weakly parabolic.) Several exam- 
ples of solutions to XCF have been obtained by Dezhong Chen and Li Ma; these are 
warped product metrics on 2-torus and 2-sphere bundles over the circle |12j . Solu- 
tions on locally homogeneous manifoldsQ have recently been studied by Xiaodong 
Cao, Yilong Ni, and Laurent Saloff-Coste [4] and by David Glickenstein [7]. Also, 
in unpublished earlier work, Ben Andrews has obtained interesting estimates for 
more general solutions of XCF. 

In contrast to Ricci flow, which is quasilinear, xcf is a fully nonlinear system. In 
spite of this increased complexity, we strongly believe that XCF is a highly promis- 
ing tool for studying the geometric-topological properties of negatively curved 3- 
manifolds, and in particular the hyperbolization conjecture. In this short note, 
we provide further evidence in support of this belief by establishing asymptotic 
stability of xcf. Namely, we show that for all initial data in a sufficiently small 
little- Holder C 2+p neighborhood of a metric of constant negative sectional curva- 
ture, the corresponding solution to a suitably normalized XCF will exist for all time 
and converge to a hyperbolic metric. (See Theorem 4 below.) To the best of our 
knowledge, these represent the first general long-time existence and stability the- 
orems for XCF. We also prove short-time existence and uniqueness under weaker 
regularity hypotheses for initial data in an appropriate neighborhood of a hyper- 
bolic metric. (See Theorem 3 below.) In ongoing work, we are pursuing further 
applications of these results. 

This paper is organized as follows. In §1, we recall the definition of xcf and 
review some general theory regarding existence and stability of fully nonlinear equa- 
tions. In §2, we review little-Holder spaces. Our main computation is located in §3, 
where we linearize xcf, with a certain normalization, about a constant curvature 
metric. We answer the question of local existence and uniqueness in §4 and that 
of asymptotic stability in §5. Finally, in the appendix, we apply the same methods 
developed in this paper to verify asymptotic stability of Ricci flow at a hyperbolic 
metric. (The stability of Ricci flow with negatively-curved initial data satisfying 
certain pinching hypotheses and other geometric bounds was studied by Rugang 
Ye in 1993 using alternate methods [13]. His result is a priori stronger because it 

4n general, XCF can be defined in such a way that it is weakly parabolic if and only if the 
sectional curvatures of (Ai 3 ,g) all have the same sign. But on a homogeneous space, the flow 
reduces to an ODE system, so parabolicity is not an issue. 
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does not assume existence of a hyperbolic metric. On the other hand, the approach 
of this paper requires no diameter or volume hypotheses.) 

1. Fully Nonlinear Equations 

The cross curvature flow (xcf) is a fully nonlinear, weakly parabolic system of 
equations, which is defined as follows. As above, let P denote the metric dual of 
the Einstein tensor. The cross curvature tensor is defined in local coordinates by 

(1-1) Xij = -P ke Rik£j- 

Notice that if we choose an orthonormal basis so that the eigenvalues of P are 
a = — i?2332, b = — i?i33i, and c = — i?i22i, then the eigenvalues of X are —be, —ac, 
and — ab. In this definition, our sign convention is such that Rijji (i ^ j) are the 
sectional curvatures, that is, Rijki — ge m R™ k - So if (M 3 ,g) has negative sectional 
curvatures, then X is negative definite. One defines xcf for a manifold (A4 3 ,g) of 
negative sectional curvatures by 

(1.2a) § = -2X, 

(1.2b) g(x,0) = g (x). 

(The opposite sign convention is used on a manifold of positive sectional curvatures.) 

Now let us establish some notation useful for studying fully nonlinear systems in 
general. Let / be an interval and let X be a Banach space with norm || • || = || • ||x- 
For a linear operator A : D(A) C X — > X, we define the graph norm to be 

\\x\\ A = \\x\\ + \\Ax\\, 

and we let 

\\ a \\l(d(A).X) = sup ||Ar|| x . 

IMId(a)=i 

We denote the spaces of continuous and m times continuously differentiable func- 
tions / : I — ► X as C(J;X) and C m (/;X) with the usual norms. We also have 
weighted spaces B li ((a,b];'K) and C"((a, 6];X) of functions that are bounded and 
Holder continuous on [a + e, b] but not necessarily up to t = a. 
Specifically, let fi G M and define 

B„((M];X) :={f:(a,b]^X:\\f\\ BMa!b] . x) := sup (t - ay\\f(jk)\\ < 00}. 

a<t<b 

Let [/]c°([a.6] : x) = su P a <s<t<& ^(2^)°^ denote the usual C a seminorm. Then, 
for < a < 1, C^((a, 6];X) is the set of bounded functions / : (a, b] — > X such that 

[/]C£((<1,&];X) := SUp £ a [f]c<*([a+e.b];X) < °°: 
0<e<6-a 

with norm ||/||c«((o,6] ; x) := sup a<t < b ||/(t)|| + [/]cg((o,6];X)- 

We employ the theory collected in [TT] regarding the local existence, uniqueness, 
and asymptotic behavior of solutions of fully nonlinear parabolic equations. Let 
D be a Banach space continuously embedded in X and having norm || • We 
consider the initial value problem 



(1.3) 



u'{t) = F(u), t > 
w(0) = uq, 
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where F : O —> X for O an open subset of B. We make several assumptions about 
F that we will verify in §3 below. 

(1) F is continuous and Frechet differentiable with respect to u. 

(2) The derivative F u is sectorial in X; i.e. there are constants ui G R, 9 G 
(|,7r), M > such that p{F u ) D S e , u = {A € C : A ^ w, | arg(A - w)| < (9} 
and 

(1-4) ||i?(A,F u )||L(x,x) < 

for all A G 5*6, w Here p(F u ) denotes the resolvent set of F u and R(X, F u ) = 
(XI — is the resolvent operator. 

(3) F u has its graph norm equivalent to the norm of B. 

(4) Let u S O. Then there exist r, C depending on u such that, for all u, v, w S 
B(«,r), 

ll^(f)-^H|| L(D , x) <c||u-hId, 

where B(u,r) denotes the ball around u G O of radius r measured with 
respect to the D norm. 

For such i* 1 , wc have the following local existence and uniqueness theorem. 

Theorem 1. 11, Theorem 8.1.1] Lei F(u) S B. TTien ttere exisi <5,r > 0, rfe- 
pending on u, such that for all uq S -B(m, r) C D itra'tt F(uq) G B, i/iere ex- 
ists a solution u to \1.3\) such that u G C([0, <5];B) PI C ([0, <5];X). Furthermore, 
u G C"((0,5)) and lim e ^o eQ Mc a ([£,2e];D) — 0- Finally, u is the unique solution of 
(LM> in Uo</3<i C|((0, B) n C([0, 5};B). 

We would additionally like to consider the asymptotic behavior of (|1.3p . Notice 
that we can linearize this problem around a stationary solution u and rewrite it as 



. s u'(t) = Au(t) + G(u(t) -u), t>0 

( j «(0)=uo, 

where A — F u (u) and G(it — u) = F(u) — Au. Notice that F fully nonlinear means 
that G contains "top order" terms. We can assume F(u) = 0. We would like A to 
be sectorial, to have graph norm equivalent to that of B, and for the spectrum of 
A to satisfy 

(1.6) sup {5R(A) : A G a (A)} = -lu < 0. 

We also want G to be Frechet differentiable with locally Lipschitz continuous de- 
rivative and such that 

G{u-u) = 0, G'(u-u) = 0. 
Then we have the following stability result. 

Theorem 2. Let lo G [0, gjq), and let F(uq) G B. There exist r, C > such that 
for all uq G B(u, r) C B the solution u(t; Uq) of U.3\) exists for all time and 

(1.7) \\u{t) - u\\d + \\u\t)\\x < Ce-^\\u \\ a , 
for t > 0. 
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2. Little-Holder spaces 

Let M 3 denote a compact manifold admitting a hyperbolic metric g. Fix a 
background metric g and a finite atlas {U v }i< v <y of coordinate charts covering 
M 3 . For each r £ N and p e (0,1], let ff +p denote the little-Holder space of 
symmetric (2, 0)-tensors with norm ||-|| r+p derived from 

IMIo + „ := max ( sup \ Uij ( X )\ + snp ^M-^M.) . 

l<f<T 

It is well known that different choices of background metrics or atlases give equiv- 
alent norms. 

Henceforth fix p G (0, 1). For the remainder of the paper, we will let 

D = f) 2+p and X = t) 0+p . 

Then D X is a continuous and dense inclusion. Notice that these spaces are the 
closure under || • \\2+ P and || • \ \o+ p respectively of the space of C°° sections of the 
bundle ^(Al 3 ) of symmetric (2, 0)-tcnsors over M 3 . (Recall that smooth sections 
are not dense in the usual Holder spaces.) 



3. A MODIFIED CROSS CURVATURE FLOW 

For what follows, we consider a certain normalization of cross curvature flow 
which we call kxcf. It is defined by 

(3.1) ^ = -2X(g) - 2K 2 g. 

Notice that a hyperbolic metric g of constant curvature K < is a fixed point 
of this flow. Such a metric is also a fixed point of the volume-normalized cross 
curvature flow (nxcf) defined to be 

(3-2) ^ = -2X(g) + ^xg, 

where x = ^ M , tra xdM . Notice that (13. 21) has a nonlocal term on the right-hand side. 
Since both KXCF and nxcf are equivalent to xcf via a reparameterization of space 
and time, we prefer to use the former. 

Lemma 1. KXCF differs from XCF only by a change of scale in space and time. 

Proof. Define dilating factors ip(t) > by tp(t) — Ae 2K 1 and define t = J* 4 ,2 ( T ) dr, 
so that || = if) 2 (t). If we let g — ipg, then X(g) — \X{g). Supposing g solves 
(|3.1[) , we have the following computation: 

dq dt , d . .. dt , dib . dt , , , , . . . 



-g-2X(g)-—K 2 g 
= -2X(g). 

Thus g solves (|1.2I) . and we have shown the desired equivalence. □ 
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We now want to define a DeTurck-modified cross curvature flow 

d _ 

-Q t 9{x,t) = F(x,g(x,t)) 

for Riemannian metrics g{-,t) in a neighborhood OcBof the hyperbolic metric g 
on A4 3 . Here O is an open set in D to be determined below. 

Given g £ O and a smooth section h of S2 (-M 3 ), define a vector field Y(g,h) on 
A4 3 in local coordinates by 

(3.3) Y e (g, h) := ^ ihAg > h , , ) - 9 ki 9 ij Vih jk . 

Assume that g has constant sectional curvature K < 0, and consider the DeTurck 
cross curvature flow (dxcf) given by 

(3.4a) -g = F(g) := -2X(g) + KC Y(grg) g - 2K 2 g 

(3.4b) g(0) = g Q . 

Notice that F(g) = 0. 

We next derive the linearization of dxcf. 

Lemma 2. If g = g + h, the Frechet derivative Fg is the linear operator Ag given 
by 

{A g h) lk = ^E$ ik {Ath 3 e + {C Y {g,h)g)l} - ^R{A e h tk + {Z Y (g,h)9)ik} 
2 

- ^Rik{AH - Ph) + K(£ Y{m g) ik - 2K 2 h 

At a metric g of constant sectional curvature K < 0, one has 

Rijki = K(gu9jk - gikgjt), Rc = 2Kg, and R = 6K , 
whence the formula above reduces to 

A g h = -KAh - 2K 2 Hg + 2K 2 h, 

where H — g lJ h^j . 

Proof. Using the definition of the cross curvature tensor, Xij — \P M Rikij, one 
linearizes using standard first variation formulas, as found for instance in [1] or 

!• □ 

Observe that A g is a self-adjoint elliptic operator. The L 2 spectrum of A g consists 
of discrete eigenvalues of finite multiplicity contained in the half-line (—00, 2K 2 ] and 
accumulating only at — 00. Standard Schauder theory implies that A g is sectorial 
with its graph norm equivalent to 1 1 ■ 1 1 2+p ■ ^ n particular, there exists C £ (0,oo) 
such that 

(3-5) ^II^IU 8 <IWI 2+ ,<ciWU 9 - 

Noting that Aifi — Ah + HRc—Rh on (A4 3 ,g), one may also write A g in the 
form 

A g h = -K(A e h + 4Kh). 
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4. Local existence and uniqueness 

Recall our notation that D = fy 2+p and X = fy 0+p . Let g £ D. In each coordinate 
chart U v , one may write 

(4.1) {Agh)^ = a^dkdehij + b k d k h^ + cf.hu, 



where a, b, and c depend on x € U v and g, dg, d 2 g. By taking g close enough to g 
in D, we can make a, b, c as close in L°° as desired to their values for A g . 
Let O := B 2+P (g), where B 2+P (g) denotes the 77-ball around g; i.e. 

B 2 + p {g) :={5ef) 2+p :||5-5ll 2+p <^}. 

Choose 77 > small enough such that for all g £ O, 

(1) g is a Riemannian metric, 

(2) Ag is uniformly elliptic, and 

(3) there exists a sufficiently small S > 0, to be chosen below, such that 
\\(A g -A g )h\\ 0+p <6\\h\\ 2+p . 

Let 6 = (M + with M as in (|1.4[) depending only on the maximum of the 

resolvent operator. Then it is a standard fact that Ag is sectorial for all g £ O. (For 
example, see [11] Proposition 2.4.2].) We can then choose 8 smaller if necessary 
(depending on C in ()3.5j) ) so that the graph norm of Ag is equivalent to || • ||2+p- 

Let 

G(h) = F(g + h)- A g h = -2X(g + h) + KC Y ^ g+h) g - 2K 2 (g + h) - A g h. 

Since g is a fixed point of (|3.1|) , and A g is linear, we see that G(0) = 0. From the 
computation above, it is clear that the derivative of G at h is 

Ghk = Ag+hk — Agk, 

so G'(0) = as well. The fact that for any r € (0, 77], there exists C > such that 
IIGtj-zIIx < C||,z||d uniformly for h e B 2+p (0) follows from property (3) above. This 
establishes the local Lipschitz continuity that we need to apply Theorem [2] 

Given g £ O, choose e > small enough that B 2+P (g) C O. Fix any coordinate 
chart U v . Given u £ B 2+P (g), let a(x) = a(x,u,du,d 2 u), b(x) = b(x,u,du,d 2 u), 
and c(x) = c(x, u, du, d 2 u) denote the local coefficients of A u , as in (|4.1|) . Then for 
any h £ D, one has 



a kl (x)dkd e h i: j(x) - a ke {y)d k dih ij (y)\ 
(dg(x,y))P 



< 



+ 



d k dihij(y) 



{dg(x,y)) p 
a ke (x) — a ke (y) 



(d g (x,y))p 

< IMI 2 +oll /l ll2+p+ 11^112+0 H W ll2+p- 

Similar arguments apply to the lower order terms. For the details, one need only 
make minor modifications to the proof of Lemma 3.3 in [8]. In this way, it is easy 
to see that 

\\Au(v) - A u (w)\\ 0+p < C \\u\\ 2+p \\v - w\\ 2+p 

for all u : v,w £ B 2+P (g). 

Then we can apply Theorem Q] to obtain the following theorem. 
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Theorem 3. Let (A4 3 ,g) be a Riemannian manifold having constant sectional 
curvature K < 0. There exist S, r > such that for all go € B 2+P (g) there exists 
a solution g e C([0, 8}; t) 2+p ) n C x ([0, S\;1) 0+p ) of dxcf f/ioi exists for all t G [0, 5]. 
TTiis is ifte unique solution in Uo</3<i ^fl((*o> *o + <$]; f) 2+p ) H C([to, to + 6]: t) 2+p ). 

Remark 1. The idea of using a DeTurck trick to prove short-time existence and 
uniqueness for xcf is due to Buckland [2J. Because of the invariance of the Rie- 
mann curvature tensor under the infinite-dimensional diffcomorphism group, the 
symbol of the linearization of (|1.2j) is only degenerate elliptic. Indeed, Buckland 
shows that, in appropriate coordinates, the symbol of the linearization, acting on 
a vector (flu, ft.12, /113, /122, ^33) ^23) T representing the components of a variation, is 
represented by the matrix 



(0 








A 22 


A 33 


2A 23 \ 











-A 12 





-A 13 














-A 13 


-A 12 











A 11 




















A 11 





v° 














A 11 J 



with eigenvalues A 11 > and 0, each of multiplicity three. See [H equation (4)]. 
Ellipticity fails because of the null eigenvalue. The DeTurck diffeomorphisms effec- 
tively fix a gauge, breaking diffeomorphism invariance and making the linearization 
strongly elliptic. In this way, Buckland proves short-time existence and uniqueness 
for smooth initial data. The theorem above may be regarded as a mild extension 
of his result, in the sense that it proves existence and uniqueness of solutions to 
DXCF for somewhat less regular initial data, at least for such data sufficiently near 
a hyperbolic metric. 

5. Stability 

Without loss of generality, we may assume that (M 3 , g) has constant sectional 
curvature K = — 1. Henceforth write A = A g , noting that 

Ah = A e h - Ah 

= Ah- 2Hg + 2h. 

Clearly, the L 2 spectrum of A is contained in (— 00, u>o] for some wq < 2. We now 
further analyze the spectrum, using a Bochner formula due to Koiso |10j . Notice 
that, for h a symmetric (2,0)-tensor on a closed manifold (A4 ",<?), one has 

HV^H 2 = 1 1^| | 2 + i||T|| 2 + / (R ljk ih u V k - R^hjkh^dfx, 

where T = T(h) is a (3, 0) -tensor defined by Tijk = Vfc/iy — Vj/ij/s and (Sh)k — 
—g lJ V ihjk- In our case, g has constant sectional curvature K < 0, so again we 
use the formulas Rijki — K(gugjk — gtkgje) and Rc = 2Kg. Thus Koiso's Bochner 
formula reduces to 

\\Vh\\ 2 = \\5h\\ 2 + ±\\T\\ 2 - \\H\\ 2 + 3\\h\\ 2 . 
This observation implies that 

J (Ah,h)dv < -\\H\\ 2 - \\h\\ 2 < -INI 2 < 0. 
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Thus there exists an u> > 1 such that the L 2 spectrum of A g is contained in the 
half-line (— oo, —ui\. So we can apply Theorem [2] to obtain asymptotic stability for 

DXCF. 

Finally, we shall show that asymptotic stability for dxcf implies the same for 
xcf. We will utilize the following lemma, whose proof may be found in [8]. 

Lemma 3. Let Y(t) be a vector field on a Riemannian manifold (M n ,g(t)), where 
< t < oo, and suppose there are constants < c < C < oo such that 



sup \Y(x,t)\ g{t) < Ce 



-(.:/ 



Then the diffeomorphisms ipt generated by Y converge exponentially to a fixed dif- 
feomorphism ip^ of M n . 

Lemma 4. Let g be metric of constant negative sectional curvature on Ai 3 . Sup- 
pose there exists an r such that for all go G B 2+P (g), the unique solution g(t) of 
{3.$ with g(0) = go converges exponentially fast to g. Then the unique solution 
g(t) := ip* t g of iS.l}) with g(0) = go converges exponentially fast to a constant 
curvature metric (joo. 

Proof. Recall that Y is defined to be 

Y l = lg kl dk(g ij g ij ) - 9 kl 9 ij Vig jk . 

Since g(t) — > g exponentially fast, we have Y l — > exponentially fast as well. So 
Lemma [3] implies that the diffeomorphisms (ft converge to a fixed diffeomorphism 
tpoo. Thus g(t) converges to a limit metric ^oo, which by diffeomorphism invariancc 
has constant sectional curvature. □ 

Then we can apply Theorem [2] to obtain asymptotic stability of KXCF. 

Theorem 4. Let (.M 3 ,g) be a closed Riemannian manifold with constant sectional 
curvature K < 0. Then there exists S > such that for all go £ B 2+P (g), the 
solution g to \3.1\) having initial condition go exists for all time and converges 
exponentially fast to a constant curvature hyperbolic metric. 

Appendix A. Asymptotic Stability of Ricci flow at a hyperbolic 

metric 

The methods developed in this paper provide a simple proof of the asymptotic 
stability of Ricci flow at a hyperbolic metric. As noted above, a more powerful 
stability result was obtained earlier by Ye using somewhat different methods [13] . 
Recall that the Ricci flow is defined to be 

(A.la) £| = _ 2 Rc(g), 

(A.fb) 9(0) =90- 

We proceed as above and define a normalized Ricci flow (knrf) that differs from 
the usual volume-normalized flow but which also can be obtained from Ricci flow 
only by a reparameterization of space and time, knrf is given by 

(A.2a) ^ = -2Rc(g)+4Kg, 

at 

(A.2b) g(0) = go. 
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In particular, a constant curvature metric with K < is a fixed point of knrf. 

Using standard variation formulas, we can linearize the right hand side of the 
knrf equation about a hyperbolic metric g having constant curvature K = —1 to 
obtain 

(A.3) A g h = A e h + AKh = Ah - 2Hg + 2h. 

The same trick as above allows us to bound the spectrum in the interval (oo, — 1]. 
By mimicking our previous analysis, one easily checks that the hypotheses of The- 
orem [5] are satisfied. (Or see the detailed calculations in [8 a , which treat a more 
technically difficult case in which there is a center manifold present.) Thus we 
obtain the following theorem. 

Theorem 5. Let (Ai 3 ,g) be a closed Riemannian manifold having constant sec- 
tional curvature K < 0. Then there exists 5 > such that for all go £ B s +P (g), 
the solution g to {A . 2)) having initial condition go exists for all time and converges 
exponentially fast to a constant curvature hyperbolic metric. 

Notice that curvature pinching is not quite sufficient to apply this theorem: one 
also requires a Holder bound on the first derivative of the curvature. Compare [5]. 
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